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An axisymmetric mixed problem of the theory of elasticity for a half-space
with a hemispherical indentation of radius p <{ 1is considered, The boundary
of the half-space is acted upon by a plane circular stamp of unit radius, coax-
ial with the indentation and covering it completely, There is no friction betw-
een the stamp and the half-space, The problem is solved for three cases: the
indentation may be empty, or filled with either a perfectly rigid, or a perfectly
elastic medium, The solution is constructed in the form of series in terms of
the homogeneous solutions of the mixed problem for a half-space, and the
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arbitrary constants appearing in the series are obtained from the normal systems
of algebraic equations, The concentration of stresses at the stamp edge is stud-
ied and a formula obtained relating to the depth of impression of the stamp and
the force applied,

1, A plane circular stamp A is pressed without friction by a force 7 onto an elastic
half-space B containing a hemispherical indentation and to the hemisphere C,which
may be: (a) empty, (b) perfectly rigid or (c) elastic, The case (b) will be regarded
as that of an action exerted by the stamp A C with the frictional forces absent from its
whole surface (see Fig,1).

T Let us construct a subsystem of homogen-
5 L eous solutions with a singularity at the point
4 r = (0, satisfying the following mixed con-
4 ¢ 9 / ditions at the boundary § == 1/,nof the half-
spaces
To=u=0 O0<r<),

S p
Sy e To=0p=0 (1Zr<o) 1.1
When Tro = Mo = () on the whole of the

boundary plane, the homogeneous solutions

for the half-space are given by the zeros of the Legendre function /%, (()and have the
form [2]

Fig, 1,

. j - {2k 43— 4
2Guf (r, 0) = — r [ ECEEES29 Py () Ay + 2k — 1) Paccs (2) Bi

26ui’ (r, 0) = 1™ {Py (2) Ay + Pk (%) By} (z-= cos0)
Herek = {, 2, ...,i.e, the only displacements given here are those which become

infinite when r == 0. Each element of the given subsystem can be sought as a sum of
the solution (1,2), and of the solution of the following mixed problem:

To=0 (0<r<oo, §="1n) 1.3)

k

U=0 0=hr0<r<1l OGo=—00 (r,ot) ©=1s7, 1<r< o)
The latter solution is obtained in the same manner as the solution of the problem given
in [31 and is

26, (r, 0) = ';?SEI; (V) (2P (2) + (v 2) (v 4 5 — 43) Pyyy (1)) 12 dv
L

(1.2

2Guy? (r, 0) = — %{SE!{ W) (v 4+ D)7P (1) + 1P (o)1 Py (1.0)
L
[6 (M +6," (MIT (/e —T/2v) T (1 - 1av)
Vap+0)ev+d)
t=v—2+4+46, th=(v-+2)"—2(1 —9)
Here the contour L passes to the left of the straight line e v == —2, while the easily
obtained function g~ (v) is

Ey(v) =

o

- : by A -
Ok (V) = — 53)“(’\ ;)r"" dr =

~ 7
1
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—r—2(1— 1, -
= (AL =20 =00 p, (0) Ay 4 (2% — 17 Pas s (0) B} 1 dr = (1.5)
1

()@ —)1 [ @k—1P—2(1--0) , _ op
=(v+2-—-2k)(2k——2)ll{ T e R C 1)Bk,}

The unknown functions
1

6, (V) = S "’(r, g ) rdr, uy (v) =g u'éz'(r, —g—) rdr (1.6)
1
satisfy the Wiener-ngf equation
ot (v) + ok (vV) = K (v)ux™ (V) (1.7

K __6Gu+v@2+ V)T (=) T (/a4 1av)
™) =~ —Fa—aT e+ M 0h—Tm)

Using the factorization [3]

_ K= (v) iy . GU YR+ VT (1Y)
K@) = (v ' K= (v)= T )
T(241
K* () = Tty (1.8)

we transform (1. 7) and introduce the function [4]
Je(v) = [ox" (V) + 64~ W] K* (v) — 6, (v) K* 2k — 2) =
=u;~ (v) K~ (v) = o~ (v) K* (2k — 2) (1.9)

regular over the whole v -plane,

Estimating the growth of the terms which takes place when |v| —>- oo with the aid of
the Stirling formula for the gamma function and of the generalized Liouville theorem
we find that J, (v) = Cj.We therefore have, in accordance with (1, 9), (1.5) and (1. 8)

okt (V) + o (v) = (1.10)
- L Ch+1av) _ (—1)* 2k- (2k—1)2—2(1—0) .
TET O ™ Ve | TR T Ay — (2%~ 1) By}

For the fruitful utilization of the homogeneous solutions of (1,1) it is important that
they are self-balancing when r > 1. This condition can be fulfilled as the constant
C . can be chosen in an arbitrary manner, Expanding the integrals in (1, 4) into series
in residues with r > 1 we find that the principal stress vectors different from zero will
contain stresses generated by only two poles, namelyv = 2k — 2and v = —1.The
first ones are balanced by the solution (1,2) and the residues at the point v = —{van-
ish wheng,* (—1) 4+ o,~ (—1) = 0,i.e. by (1.10) together with
(—1F 2k [@k—12—2(1—0) , o1 ]
Cv= vz ST A @G0B (D
Combining the solutions (1. 2) and (1, 4) and computing the stresses we finally obtain

=1, 2, ...)

26 )= = [ o @ ) P )

-2—1_“% Ek (V) [t2p\, (x) + (V + 2) (‘v + 5 — 46) Pv+2 (x) r_v_a dv
L
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2Gu? (r, 0) = r™* [Pjx (z) Ax + Pix-a (z) Byl — (1.12)
i B )11 0+ )7 P (2) + tPh (@)

4 (2k — 1)* Py (2) By + ctg 8 [Py () Ak + Pli—s (2) Bk]} +
+ %—5 By () {ta [(v+1) Py(2) + (v + 1) ctg 0P (2)] —

— O+ 2 [(v+ 1) —2(1 —0)] Pz (z) — totg 0P, (2)) " dv

T%) (r, 0) = -1 L—ZkT—:Z-—i—{--j-Z_C—SG— ok () A + kazk_z (=) Bk]

+—2—‘,;i—SEk Wt [F57 P @)+ Pda(@)] 1 dv

o® (r, 8) = 27711 {(2k+1)(k -2:1‘)2:1-—5 o (@) Ay + (2% — 1) Pyey (2) Bk] _

T SE»: (W) +2) {taPo () + [(v +2) (v + 5) — 2] Posa (2)) r™"dv

(R) (ry 9) -+ G(k) (r, 68) =

= -2R llo [(’1 —_ 1) (]3/;—-}-2:)-‘*2‘62_41‘3 sz(x) flk + (2k —_— 1) P27\’—2 (x) Bk] +
+ ?I—"( Ex()(v +2){tPy (@) + [V(V+3) + 4 — do (v 4- 2)] Py (2)} r 2 dv

f
(—D)¥ k(v + D {[(2k— )2 —2(1 —0)] A4, —2 (2% —1) (k—2 4 23) B,}

Ex(v)= (2k = 1) (k — 2 + 20) (2k — 2 — %) (v + 2) (2v - 3) cos (/arv)

(1.13)

Comparison of these expressions with(1, 41) of [3] shows that they represent the homog-
eneous solution of (1,1) with the principal vector T' 5= Qif weset &k = 0, A, =

= Bo=()and T

4 (2 4 v) (2v + 3) cos (I/anv)
The normal stresses and displacements at the boundary near the line separating the
conditions can be obtained, as in [1], with the help of contour integration and asymp-

totic estimates and have the following form (k > 1):

of, =\ _ _ 4(—1)¥k
o (r’ 2) n@2k—1) VZ({H—r)

Ey(v) = —

(1.14)

@k—1p—2(—0q) , .

X{ 2 (k—2 4~ 20) —(21‘:—1)31:} for rs1—0
[, 4(1—~c)k(—1)"1/z(r_1)
e (r' : ) G (% —1) X

(2k—1)2—2(1—
X{ 2(k)—2+(2c) 2 Ak"'(zk“an} for r—140

O ZNoe T of, 2\ _TU—9 VIFT—1
Op (r; o) mVaii=n ' Uy (7‘, T). OTTA (1‘15)
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2, We seek the solutions of the problems (a) and (b) determined by the initial cond-
itions

Tro=U =0 (p<r<1,0=n) Tre=06=0 (1<r<o, 8= (2.1)

a) Te=0,=0, 6) Tro=u.=0 OO e, 7 =p) (2.2)

in the form of series

2 u“‘) (r, 6), Zu(k) (r, 6) (2.3)

which at once satisfy the conditions (2,1) and the condition of equilibrium, The Jordan
lemma and the theorem of residues make possible the replacement of the integrals in
(1,12), in the case when r = p'with the residue series written in terms of the negative
zeros of the function cos (i/anv) This yields

2Gu," (o, b= 0™ [Pix (2) Ak + Ple-2 (¥) By] + (2.4)
. By* () {2502 P @)+ @ 5 — 49) Pha(a) 0™
n==0
2Guf™ (o, 0) = — p™** [ﬂ% Py (z) A + 2k — 1) Poyy (z) By | +
+ 2 E* () {[2n + 1)°—2(1—0)] Ponss (@) + 2n+1)(2n—2-443) Py, (x)}
n—O )
i _o 2k —1
T (0, 0) = — 1 [_.ﬁ% Pl (z) Ay + 2kPk, (x)BR} (2.6)
* [} 2n +1.
+ 3 B @20+ 1 = 20— ) [52 Phnaa (2) + Pha(2)] 0™
n=0
o K= 2 - 3k —
o (p, 6) = 2% lk[% Py (2) A + (2 — 1) Py (2) Bk] + (2.7
+ 2 E* (n)(2n + 1) [(4n? + 4n — 1 + 25) Pynya(7) +
ne=(Q
+ (4n? — 2n — 2 — 20) P, (z)] p*"
Ex* (n) =
B 4 (=) k(n + 1) [(4* — 4k — 1 +20) A, — 2(2k — 1) (k — 2 + 20) B, ]
= A2k —1)(2n + 1) (Zk+ 20 + 1) (k =2 -20) (4n F 3) (k>1)
- (=T
E* (n)= 2R (2n 1) (4n T 3) (2.8)

Let us insert the formulas (2, 5) ~ (2. 7) into solutions (2, 3) and conditions (2, 2) and
change the order of summation in the double series, Comparing the coefficients of the
functions I’y (2) and Pz () (K = 0, 1, ...) we obtain the following infinite systems
of algebraic equations:

apXy4+ Zn fo.,70" " X n,3 = £o (2.9)

n==1

O (o' Xia) - @l nat 2 R 0™ Hng =gl (200)
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Here for both problems we have
, _egkaf 2k—1)?=2(1 —~0) __ o, —2k-1
A)(.3“‘9 [(21:—1)(1:—2-}-26) Ak—sz]v Xk,4—'2p B-k (2'11)
= a_ g M __ (2k—1)(2k—1+0)
G="h, o =k+1l, W =g p—aa
w o T e r @k 1p—2(1—0) (2k—12—2(1 —0)
8k’ = I [ CkFDGkF3) pk@E—1) ]
P (=1)™lon ¢ k42 [Ck+1)P—2(1—0)] _ (k—1)*—2(1—0) }
kon = r {(2/:+1)(4k+3)(2k+2n+1) T pidk —=1) 2k + 2n —1)
Moreover, for the problem (a) we have

o) = — (k + 1) (2k41)

L T(=1)*p* r2k2k—1)—2(1 +0) (2k —1)*—2(1 —0)
8 =—— [ 7k £3 - T Gk = 1) J (2.12)
_Td+9) e 2k@k—=D[@k+D(E+D = +0)]
Bo= "3z Ok = Ck—1f=2(1—09)
fon o= {—1y"1(1 4 5)n
0,n—

3n(2n +1)
o (=)™ on (k4 2)[(2k—1)2%k—2(1F0)]  2k[2k—1)2—2(1—0)] }
k= X { @k a2kt 2n+1) T pt Gk —1) 2k + 2 — 1)

and for the problem (b)

2k +1 T (—1)* o2 2k —2 4 4o 2%k—1)2—2(1—0
i e = [ 4k+_j:; - (p2(4k-)-1)(z/(<—1))] (213)
2= — T—29) o _ k@k—1)@k+3—4o) fo = 8(—1)"(1 — 206)n
0 3x ’ @k—1)r=2(1—g¢ ' ‘o7 3In(2n +1)

@ 2n (—1)F+™ (¢ (Ok 4 2) (2k — 2 + 4o) 2k [(2k — 12 —2(1 —0o)]
fin = n {(4k+3)(2/c+2n+1) —p’(4k—1)(2k—1)(2k+2n—1)}

Let us reduce the system (2, 9) and (2.10) to its canonical form, Eliminating from (2,10)
the unknowns X,; , and Xy, 4with s = 1, 2 respectively, we obtain(k = 1, 2, ...)
o«

(@8 — afPbf) Xiess, o + 2 (FnbE) — f20b0) o™X, o =

n=]1
= gb — g6 (2.14)
(agtz)bggl) . ag‘l)bg)) ("5("'3 + Xk, )+ 2 (fgrl')nag‘il) _ f?c?nagtl)) p2k+2n+1an g =
ne=l
= gstl)arxz) _ g§‘2)a§‘1) (2,15)

Next we use (2.15) to eliminate the unknown X, , from(2,9), We replace %k in (2,15)
with k& 4 1 and eliminate Xy, 4 from (2,14), This yields(k = 1, 2, ...)

1 2 2 1
ao (b2 — bPaM) X, 5 +

0
2 2
~+ 2 [a, (fgl')nai - f(l.)"ail)) P>+ fon (b{”a?) - aiz)bil))] pman.a =
n=1

(2) (1) 1 2 2
= a, (a{7¢" — a{"2{") + g, (b{7a{" — b{a{?) (2.16)
(2) 1.(1) 1) (2 1)7.(2
(aihubihy — akhbih) (@b — aPbi) Xy, s +
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R
1 2 2 1 1 2 1 2)
+ D (i, nalh — £ aal) @PbR — bPa) —
n=1
- 2K+2n+43
— 07 (fbD — 12nb) (bihalh — bhafl)] o™ X g =

2) (1 1)7.(2 2)1.(1 1)7.(2 2)1.(1h,7.(2) (1) n (2)
= (g;‘c‘ilaﬁ?l - g;ﬂ)lagw)l) (agt )bﬁ - ag: )bgc )) + (gg{ )bgc — ggf )bfc )(Oki10k+1 — Dki18ks

Obviously the double series of the matrix of this system converges absolutely for all

p < 1 and the moduli of its free terms are bounded, Thus the system (2, 16) is rela-
ted to the normal Poincaré-Koch systems [5], By a verbatim repetition of the argum -
ents from the Sect, 2 of [1] we conclude that in both cases, (a) and (b), solutions of this
system exist, are unique and can be obtained using the Cramer method, When & is lar-
ge we have Ay and B, ~ kp*.

It must be noted that the system (2,16) only contains the unknowns Xy 5; the unkno-
wns Xy, 4 are obtained from (2, 9) and (2,14). This makes it possible to obtain a solut-
ion for the truncated system (2, 15) with twice the number of the correct signs as com-
pared with the solution obtained from the system (2, 9), (2,10) truncated at the terms
of the same order, We also note that the problem (a) can easily be generalized to the
case in which arbitrary loads are applied to the spherical part of the boundary of the
helf-space, while the problem (b) can be generalized to the case in which the spheri-
cal part of the stamp A ¢ differs somewhat from the indentation, i,e, in which u, =
= f (B) when r = p. In the latter case the function f (6), which appears in the cond-
ition (2,2) must be expanded into a series in Legendre polynomials of even degree,
otherwise the procedure remains the same,

In conclusion let us write a formula connecting the depth of the indegtation & made by
the stamp with the force T pplied

2G6 = 26U, fpmo = 2.17)

Te00

= lim D) 2—31“- S Ep (V) [tPy(1) + (v +2) (v 4+ 5 —bo) Poa (1)) r " Pdv =
T—+00 k=g L
_T—o) 5 U= {[@k— 1) —2(1 —0)] 4, — 2@2k—1)(k —2+29) By}

2 .El Ck —1) (k—2 =+ 20)

8. Let us consider the case(c), Retaining the previous & and o for the region B,
we denote the constants for the region C by G, and ¢,. In the region B we shall seek
the solutions in the form of (2, 3), and in C in the form of series in homogeneous solu-
tions satisfying the conditionst,y = ug = Owhen § = 1/,;ywith a singularity at infin-

ity [2]

Q@ [(2k + 1) 2k — 2 + 4ay) 241 .

26,u, = kz [‘ 2 A Cy 2k IDkJ P, (2)
=0

2Gyuy = 2 ["zkﬂck + "zk-le] Py (z) (3.1)
k=1

In this case both the condition of equilibrium and the boundary conditions

Uy =T =0 0<r<1,0=127), 5,=7,,=0 (1<r< oo, 0="1m)
0 0
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of the problem (c) will be satisfied, Let us now comply with the four conditions of con-
jugacy of the solutions (2, 3) and (3.1) on the hemisphere 0 << 8 << Yym, r =
=p (.

Using the expansions (2,4) - (2.7) and comparing again the factors accompanying the
functions P,y (r)and Pyt (x),we obtain the following system of equations:

2 A X o + & Xrar, o + S L, =K p04.) @2

Pl Nl

When k = 0 i =4, 2, while for k >» 1 we have i = 1, 2, 3, 4and the following

notation introduced

Xh 1= pﬁ"ck' Xk, g = pzk-ng, Xk, g == p_zk‘l [((2/1:__. 32(;;——2 (21-:2?)

Ay — ZB,‘]

= 9 2k-1 (1) 1—25 1
X, a=20"""By, dy =~ GG —l i = df) =df =0

4 =df} =dP =0

M _ 1 A=D1 —2)n ) T(A—2 .
b’ =g, wn=-—gg enyp 0 P=— _6:76—) (3.3)
(2) 146 4 (="t
do'i = 5 45] ) dsf) = 1/2’ (Pf)zﬂ) == ( 3,3’ (2’1(:_-{;)6) - ] h(z) = ——-T (13;:- 6)
d® = g _ _ g Ck—1)(k—2+25) wm__ 1
i = diy E diks = dia G [(Gk—=1y—2(1=9)]° A’ =g

) _ (=) 2k + 2) 2k + 8 — 40)
Pin = nG [(4/: +3) 2k 3) 2k +2n +1) +
+ (2k — 12 —2(1 —q)
p? (4k — 1) 2k — 1) (2k I 2n -1)}

A, — T(—1)"+1p2"'[ 2k+4+5—~45 (2k—1P—2(1—0)
4nG @GrkF3)2k11) p=(4k-—1)(2k—1)zk]
2y __ (k1) (2k — 2 + 4oy) (2) k
diy = @k+5—4s)2Gr * di =T
4 =4 = k (2k —1) (2k + 3 — 4o) o 2k+1
- G[2k=Ty—2(1—q)] ' *“* = 74G
o, = (—1)ktniy [ (2k + 2) (2k — 2 +- 4e) 2k [(2k —1)2 —2 (1 — 6)]
' aG Gk +3)Rk+2n+1) ~ pi(Bk—1)(2k—1) 2k + 2n — 1)]
B — T (—1)k p2* [21:_2-;-45 (2k —1)? — 2 (1 — ¢)
k 4nG “+3 '(4/:—1)(2/:-—-1)]
2k +1 —1)—
dfcal) (2k + 1) [2k (2k — 1) 2(1+°1)] d(a) 2k (2% — 1)

2k 45 — 4oy,
Ck+2)2k+1) d® = dﬁ 2=k (k+ 1) — (1 +0)]

® _ _
di’ = 2 ' Ck—1p—2(1—o0)

@ _ (=020 [ &Gk 1) [k @k —1)—1—0] 2k[(2k—1)2—-2(1—-6)]}

Pien = n L @Gk @k+2n+1) T PGk —1)(k+2a—1)
e - T (—1)* p2k. [ 2k(2k—1)—2(1406) (2k—1P—2(1—0)
k 2% 4k + 3 - p? (4k—1) ]

o _ (0 __ (Rk4+1p2—2(1 —ay)
dy’ =k 41, dia = 2k 5 — 4o, l
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@) _ (o7, __ @ _ g0 _ Ck—1)2k—1409)

dk —(2k i), d —d = (2/ _1)2_2(1_\,
ol = (—1)¥*m+ 2, [(2k+2)[(2k+1)2—2(1—c)]__ (2k—1)2—2(1 —¢)
kn n Ck+ 1)@k +3) 2k +2n +1) P ak—1) 2kt 2n—1)

RO = T (—1)¥ p*¥ [(2k+1)’——2(1——c) (k—1p—2(1—09)
k= 2n @Ck+1)(Gk+3) ~  pRk@k—<1) ]

Eliminating now the unknowns X,; and Xy ,, from the corresponding groups of Eqs,
(3.2), each group corresponding to a single value of /;,we obtain (2, 9) and (2, 10) in
which

a0 =d0d)’ —dRdP,  for = @60nd — ¢fPadly,  gl? = AR — APa)

4 4
o = DaPDR W= DDY, A= Sl = SHODY

fe=1 i=1 i=1 i=1

Here Df) denote the algebraic complements of the elements d{)

di  di 0 0
dy  dR 0 0
0 0 —di —di
0 0 —dfy —d

Thus in the case (c) only one fourth of the unknowns, namely the ones entering the
solutions (2, 3)and(3,1), need be obtained from the normal system of algebraic equat-
ions (2,16), The depth of impression of the stamp is again given by (2,17),
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